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- multistep methods and the construction of quadrature formulae for

crra integral and integro-differential equations

Wolkenfelt

ACT

The application of linear multistep methods to differential equations
ing quadrature problems yields relations between the multistep coef-
ats and the gquadrature weights. By means of these relations quadrature
lae are constructed and analyzed (in particular, properties of the

ts are studied, and an asymptotic expression for the quadrature error
rived). The quadrature rules obtained in this way are used to define
ss of step-by-step methods for solving first and second kind Volterra
ral equations and integro-differential equations. Convergence and sta-
y results for such methods are unified and extended. In particular, a
esult is presented concerning the convergence of these methods for
kind equations. For Volterra integro-differential equations, stabil-
egions are given for quadrature methods which are based on the back-
differentiation formulae. The connection between the asymptotic repe-

n factor and relative stability is discussed.

ORDS & PHRASES: Numerical analysis, Volterra integral and integro-
differential equations, equivalence of linear multi-
step methods and quadrature formulae, convergence,

stability.
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RODUCTION

onsider the problem of determining the values of

X

I(x) = J ¢(t)dtr
%0
. uniform mesh {le xj = xo+jh}, where ¢ is a sufficiently smooth func-
Approximations to I(xn) can be obtained using quadrature formulae with

riate weights. On the other hand, the quadrature problem (1.1) can be

n as the (rather special) initial value problem
I'(x) = ¢(x), I(xo) =0,

proximations to I(xn) can be obtained using standard methods for solv-

Es. In this paper, attention is focussed on linear multistep (LMS)

ls.

dentification of the approximations to (1.1) and (1.2) yields rela-

between the weights and the LMS coefficients, and therefore provides

. for constructing quadrature weights. Such relations are well-known

.e of the Adams-Bashforth-Moulton or the Nystram—Milne—Simpson methods,

;e these methods are derived from interpolatory quadrature rules (see

'I [7, p.191]). However, there exist LMS methods which are not explic-

lerived from quadrature (e.g. the‘backward differentiation methods)

‘herefore, their connection with quadrature rules is less transparent.

'he connection between LMS methods and quadrature formulae has been

\d before, though in different areas. In the context of Volterra in-

.differential equations, MATTHYS [16], generalizing results of BRUNNER

JERT [4], reports on "reducible" quadrature formulae, and exploits

;0 prove results on A-stability. In most publications, however, only

yecial class of LMS methods was considered: for first kind Volterra

:al equations, TAYLOR [23] "inverts" the backward differentiation for-
and GLADWIN [6] modifies the Adams-Moulton formulae in order to con-

: high-order convergent methods. In the field of second kind Volterra

:al equations the connection between the Gregory quadrature rules and




jams-Moulton formulae has been promulgated in various papers (e.g. [11,
jotivated by these known results, it is our main purpose, in this paper,
7e an unified treatment of convergence and stability results for re-

le quadrature methods for the three classes of Volterra equations men-
1 above.

Che second purpose is to obtain insight into the connection between
spetition factor of the quadrature weights and the stability proper-

>f the associated method for solving second kind Volterra integral
ions. It was conjectured (see LINZ [13], NOBLE [19]) that methods with
ition factor greater than one display unsatisfactory stability proper-
For the class of methods we consider, it appears that stable quadra-
nethods can be constructed, which do not have a repetition factor.
tigation of the weights reveals, however, that for such quadrature

is most of the weights converge to unity, and therefore their asymp-
values have a repetition factor one. This result suggested the intro-
>n of the notion of asymptotic repetition factor. The final result we
1ed, at least for the class of methods we have considered, is that
exists a close connection between asymptotic repetition factors and
ive stability, but that no such a connection exists with absolute

lity.

In section 2 we treat the construction of the quadrature formulae. In
obn 3 we state some results on linear difference equations, which aré
to derive important properties of the quadrature weights. In section
asymptotic expression for the quadrature error is given. As an example,
2at, in section 5, the quadrature formulae generated by the backward
rentiation methods. In section 6 the quadrature formulae are used to

2 step-by-step methods for solving'Volterra type equations, and con-
ace and stability results are treated in a unified way. The connection
2n repetition factor and numerical stability is discussed in section 7.

>tion 8 some concluding remarks are given.
LATIONS BETWEEN QUADRATURE RULES AND LMS METHODS

In §2.1 guadrature formulae and LMS methods are presented for the solu-

of (1.1) and (1.2), respectively and some basic concepts and definitions




wcalled. In §2.2 the construction of the quadrature weights is treated

'reliminaries

lumerical approximations In to I(xn) defined by (1.2) are obtained by

ng LMS methods (cf. HENRICI [7, p.209], LAMBERT [12, p.11]) of the

k

a,I ., =h z b, ¢(x_ .), n >k,
in-i . i" n-i
0 i=0

I >~

i
h denotes the stepsize and xj = x +jh, and where the starting values

0

I are given. We choose an appropriate normalization (e.g. Zbiﬂ=1

k-1
=1), and assume that the first and second characteristic polynomials

o, associated with (2.1) and defined by

a,z. -, o(g) :=
0 i

p(g) :=

Il 1~
i
"

0

10 common factor. Further we assume that p(l) = 0 and p' (1) = o(1)
.tion of consistency).

e also need the following definition:

[TION 2.1. (see MILLER [18, p.3981])

\ polynomial is said to be a simple van Neumann polynomial if it has
10 zeros outside the closed unit disk and only simple zeros on the
it circle;

\ polynomial is said to be a Schur polynomial if it has all zeros in-
side the unit circle;

1e polynomial p with p(1l) = 0 we will use:

[TION 2.2.

Che polynomial p is said to satisfy the root condition if it is a
simple van Neumann polynomial;

The polynomial p is said to satisfy the strong root(condition if
>(z)/(z-1) is a Schur polynomial.

ar a LMS method is called zero-stable if the polynomial p satisfies

>ot condition. A LMS method is convergent iff it is both consistent




nd zero-stable. A particular LMS method (2.1) is denoted by {ai'bi} or
p,0}.

For the numerical approximations In to I(xn) defined by the quadrature
roblem (1.1) we employ quadrature formulae (based on equidistant abscissae

3 = x +jh) of the form

0
k-1
2.2a) I :=h jzo wn,j¢(xj), for n = 0(1)k-1,
n
2.2b) I :=h jZO wn,j¢(xj), for n = k,k+1,... .

he rules (2.2a) use abscissae xj outside the integration interval in order
0 obtain sufficiently accurate approximations for small values of n. (In
he appendix examples of such quadrature rules are given for k = 2(1)6.) As
he formulae (2.2a) are used to compute the required starting values for
2.1) we call these the starting quadrature rules.

The weights {wn j} can be arranged in a matrix W of the form
’

_ i}
Yo,0 " Yo,x-1 <:::>
Yk-1,0 °°° Yk-1,k-1

2.3) W = =
Yi,0 7 Yk,k-1 YK,k <::>
wn,O wn,k—l wn,k e Wn,n

‘here wn 5 = 0 for n < j, j =2 k. For subsequent use, we introduce the notion
, .

f repetition factor.

'EFINITION 2.3. The weights in the matrix (2.3) are said to have an exact

‘rowwise) repetition factor r if r is the smallest integer such that

P, = , £ > <3 < n- . (1= i -
n, i wn+r,j or n nO and n, 3j n-n,, where n, (i 0,1,2) are inde

endent of n.




This definition differs
823]) in the addition of
we will also define (in
repetition factor we mea

From definition 2.3
repetition factor r iff
factor r.
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ules (2.2a) are given. The set of quadrature formulae constructed in this
ay is called (p,0)-reducible (cf. MATTHYS [16, p.86] who gives necessary
nd sufficient conditions for reducibility). '

For j fixed, the j-th column of (2.3) is generated by the recurrence
elations (2.5a-b); observe that the element w . in the j-th column depends

14

nly upon w\),j for n-k £ v £ n-1. As a consequence, only the weights in the
atrix Wk in (2.3) depend upon the choice of the matrix Sk' The remaining
eights (the elements of the matrix ) are independent of the weights of

he starting quadrature rules. Moreover, due to the zero-entries in the
pper-triangular part of W, one can derive from (2.5a-b) (taking j = k)

hat the matrix @ has the structure

r T
o O
“1 %
2.6) Q= m2 w1 wo .
. W, wl

[ee]
‘here the sequence {mn}n—o satisfies

20%0 )
a_w + a w =
2.7a) 1o 1
[aowk + alwk 1 + ... + akwo = bk
. + ... = >
2.7b) aown + alwn—l akwn—k 0, n k+1,

Note that wo = 0 iff bO = 0). From (2.6) we derive that

. . = L, =w_ . £ >3 > £ > o.

2.8) wh,j wn+£’j+£ n-q or n j k, 0
Thus, for the construction of the quadrature weights of W, it is suf-

‘icient to generate the sequence {wn} by means of (2.7) yielding the matrix

', and to generate the first k columns by (2.5) yielding Wk. We will denote




)-reducible set of quadrature formulae by {Sk;p,c}. In section 5 we

n example in which we have chosen for {p,o} the backward differentia-
BD) methods.

ecall from (2.5b) and (2.7b) that the weights in each column satisfy
.ar homogeneous difference equation with constant coefficients ai; the
ng values for these difference equations are associated with the start-
ladrature rules and the coefficients bi' Therefore, properties of the

s are related directly to the properties of this difference equation

y the structure of the starting values. These properties are studied

» next section.
JPERTIES OF THE WEIGHTS

‘n §3.1 we state some general results on linear difference equations,
are then used in §3.2 to derive that, under suitable conditions, the
its of each column of W in (2.3) form a convergent sequence. In §3.3
itionship between the repetition factor of the weights and the location

» zeros of the polynomial p is given.

jesults on linear difference equations

et the sequence {yn} be the solution of the linear, homogeneous dif-

e equation with constant coefficients

jiven starting values Yore--r¥p_q-.

\ssuming that the polynomial p (z) associated with (3.1) has g different

cl,...,cq with multiplicities ml,...,mq (m1-+... +n%1=]<)the solution
> written in the form (see e.g. STOER & BULIRSCH [22, p.132])
3 mv—l n, n-i
y. = z z c .0t ’ n=20,1,...,
n v=1 i=0 v,ii" v

-he convention
o(1i-1,

n n-i 0 for n
.z, =
i’ 7w

I
(=

1 for n




iiven the values yO""'yk—l' the equations (3.2) for n = 0(1)k-1 constitute

. non-singular linear system for the k unknown coefficients c, i’ and there-
14

‘ore these coefficients depend linearly on the starting values.
It appears that simple explicit expressions for the coefficients

!j M1’ j = 1(1)g can be derived. To this end, define (see [7, p.2381) the

olynomial pj(C) and the coefficients aj i by

4

k-1 .
3.3) 0.(2) :=p(0)/(C-C.) = ) a. .C,
3 3 joo 31
dA. b
\n 3 %
kil
3.4) A, := o. .
b = It 7

f we multiply the n-th equation in (3.2) by aj n for n = 0(1)k-1, and add
14
-he resulting equations, we obtain after some manipulation

q mv—l

(3.5) Y ) c. .o
v=1 i=0 %

(i) c -
3 (Cv)/l' = Aj.

"or v # j, ¢ is a zero of p(r) with multiplicity mv and thus a zero of

el

>j(c) with the same multiplicity, that is

=0 fori=0(lm-1
(3.6) o (Cv) ' r vV FE]

#0 for i

I
=1

Since Cj is a zero of pj(g) with multiplicity mj—l, we have

(1)

(3.7) p. (z.) =0 for i = 0(1)m.-2.
J J J

doreover, since (C—Cj)p;i)(c) + ip;i_l)(c) = p(i)(c) for all i,
(ms-1) (m4)

3.8 | ) o= J . -

(3.8) oy (cj) o (cj)/mJ

Substitution of the results (3.6), (3.7) and (3.8) into (3.5) yields the

axpression




(my)
c. =m,!A./p ] . i = 1(1)q.
],mj—l 384 p (cj), J (1)q
‘emaining coefficients can be determined using polynomials of the form
ﬁg—cj)l, i= 1,...,mj yielding a lower-triangular system of equations
ile coefficients c, 1 i= O(1)mj—1. This will not be pursued here.)

Js
+ following remarks some observations are given.

S.

f Ev is a simple zero of p, we derive from (3.2) and (3.9) that
— 3 _ n '
)RS CvAv/D (Cv)'

Then p is a simple van Neumann polynomial with s zeros cl,...,gs on

‘he unit circle, then Y, defined by (3.1), can be written

n n
= + ... + + i >
yn c1’0c1 Cs,OCs terms approaching zero as n o,
there ]Cil =1, i = 1(1)s. In this case the sequence {yn} is bounded
mniformly in n.
‘n particular, if Cl = 1 is a simple zero of p and if the remaining

reros are inside the unit circle (that is, if p satisfies the strong

. L . - A \ .
oot condition), then llmn+myn 1/p (1)

i{hen certain simple zeros of p are known, this information can be used
1struct the solution of (3.1) in another way, which is, in certain

. more stable. This construction appears in the following lemma.

3.1. Let the sequence {yn}:=0 satisfy the difference equation (3.1)

*
starting values yo,... Further, let the polynomial p , with

% -
- k-1
cients a, , be defined by

i

* S
T () = 0(2)/ T (-z.) =

i=1

r

koS 4 k-s-i
) a.c
i=0

cl,...,cs are simple zeros of p, which are supposed to be known. Then

1 be split into




10

= >
Y, u + v for n =2 0O,
where
A1 n As n
. = — + ... f
(3.10) Un .p'(cl) “1 p'(cs) °s '

vith Aj (j = 1(1)s) given by (3.4), and where v

*
(3.11) z a.v =0 for n > k-s,

vith starting values vy Tu n 0(1l)k-s-1.

PROOF. To simplify the presentation of the proof
that all zeros of p are simple (where cl,...,gs
anknown) . The proof for the general case is alon¢

From (3.2), the solution yn can be written a

n

Cs+1

=c, 0+ +ct+ e
b 1 T s’s s+1

(here, we have omitted the second subscript of ¢

The coefficients cj can be found by solving

system
1 .1 1 .1 T 7]
¢4
C1 e Zs Z;s+1 "Ck :
- - . - CS
€3.12) . s . N —
- . ° - C
. . . . s+1
k-1 k-1| k-1 k-1 |°
R L D T e

Since Ql,...,cs are known, the coefficients cj (
are equal to Aj/p'(gj) in view of (3.9). This yi
;...,C and

1 s
right-hand side of (3.12) yields that the coeffi

for un. Substituting the values of c¢

the non-singular linear system

0,

e solution of

is lemma we assume

own, C I"‘Icvka

s+1
lar lines.

on-singular linear

|

1)s) are known and
he expression (3.1
posing them to the|

c, ...,C, satis
s+1' "k
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M1 o 7] B B T r 4o
[ Car1 Yo St -+ |
Z;s+1 o Ck
k-s-1 k-s-1 k-s-1 k-s-1
Lz;s+1 o Ck 4 L% A LYy -g-14 c1C1 Foees +csCs -
Yo Y

yk-s—l_ uk—s-1

*
v look at (3.11). Since the polynomial p (z) associated with (3.11)

1e zeros g y...,C , the solution v. can be written as
s+1 k n
n n
=d + ...+ > .
Va s+1°s+1 dty forn =20

rhe coefficients d .,d.  are determined by solving the linear

s+1'°° k

n with the same matrix as in (3.13) and with the right-hand side
. However, since v. =y -u_ (n = 0(1)k-s-1) we find that

k-s-1 n n n

s+1(1)k, and therefore y, = u + v for all n = 0. [J

9}
h
¢}
H

o

Il

The practical importance of this lemma is indicated in the following

ks.

KS.

If p satisfies the strong root condition then yn = Al/p'(l) + vn
where v_ > 0 as n > ». If we generate the sequence {yn} by means of
(3.1) using finite-precision arithmetic, the influence of round-off
error and the presence of the zero ;1 = 1 (which may differ slightly
from 1 due to rounding errors in the coefficients ai) may cause that
we do not obtain the limit Al/p'(l). However, if we compute first
Al/p'(l), and then generate the sequence {vn} by means of (3.11), the
limit Al/p'(l) is reached even in the case of finite-precision arith-

metic. This procedure is followed in section 5.

Let p be a simple van Neumann polynomial with s zeros Cl""'Cs on




the unit circle. If these zeros also satisfy Cr = 1 then un, defined
by (3.10), has the property that u =L In this case, it follows
from lemma 3.1 that we need to compute only the values uO""'ur—l'

and the sequence {vn} from (3.11). Moreover, since v -+ 0, it is
[ee]

{y } converge

[ee]
easily seen that the subsequences {y__} nrtr—13n=0

nr n=0"""""

to the limits u_,...,u respectively.

0 r-1'

In remark 3.5 we have seen that the values un are periodic, if the
olynomial p fulfils a suitable condition. This condition is formalized

n the following definition.

JEFINITION 3.1. A simple von Neumann polynomial p is said to be of class r

f r is the smallest integer with the property that the set of zeros of

y lying on the unit circle is contained in the set of zeros of gr—l.

To illustrate this concept, we give the following statements. A Schur
>olynomial is of class 0; the polynomial Cr—l is of class r, and the poly-
womials (C-l)(C2+1) and (E—l)(C2+1)(C—%) are both of class 4. The polynomial
;2—(2 cos ¢)z+1, which has two zeros on the unit circle, is of class = if
b/2m is an irrational number.

Further, this concept will be used in §3.3, where we shall indicate
3 connection between polynomials of class r and the repetition factor of

the associated quadrature weights.

3.2. Limits of the weights

We now return to the recurrence relations (2.5) and (2.7) defining

Wk and @, respectively. We have the following theorem:

THEOREM 3.1. Let {p,oc} define a convergent LMS method. Then

(i) the weights {wn j} generated by {p,0} are uniformly bounded.

14

If, in addition, p satisfies the strong root condition, then

(ii) the elements of each column in the matrix W form a convergent sequence;
the limits of the first k columns depend upon the choice of the start-
ing quadrature rules,

(iii) the elements of each column of the matrix Q converge to unity; that is




13

) lim w_ = 1.
n—>oo n

follows from remark 3.2, since p is simple von Neumann,
follows from remark 3.3. In particular, we have in view of
k-1

) limw_ , = Z
o N3 PN(1) L2,

o, .W, . for 0 £ j < k-1,
1,i74i,3

14

where LA 3 (i,3 = 0(1)k-1) are the entries of Sk'

In view of (2.6), it suffices to prove that the elements of

first column of @ converge to unity; that is, we have to pr at
lim w_ = 1.

n*>® n

The segquence {wn} is defined by the difference equation (2. th

ing values wl,...,wk. From (3.2) the solution wn can be writ

q mv—l L
= n - _
w1 = L Loy T n=0,1,...
v=1 i=0
coefficients c, are defined by (3.9) where
j,mj—l
k-1
A, = o, LW, .-
) J iZO j,ii+l

(3.3) we derive that

k-1 k-2
= — SR .+ =
Aj ‘ (aO?;j +a1cj + ak—l)wl (aO;J al)wk_1
(aomk+a1 k_1-+...-bak_1m1)+cj(aowk_1+a1wk_2-+... w1)+

k-2 k-1 B
+ ..+ Cj (aow2+a1w1)+2;j agwy =

k-2 k
Y+ ... +;j (b2—a2m0)+cj a,w.)

(b wg)+ey by _g=a, 49
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S . .
= ) bz, -w a.t = 0(g.,)-b . T.-w p(z.)+a w_ T.
i=1 * Oi=1 J 0’3 0 J 0073
= G(E.)l
J

vhich is unequal to zero, since p and 0 have no common factor and p(Cj)
*rom (3.9) we then derive that
mj)

(3.18) c = m.!O(C.)/D(
j j

. . ’ j = 1(1)q.
jms-1 () #0, 3 =1(q

7inally, from remark 3.3 it follows that %;g wn = o(1)/p' (1), which equa

inity by virtue of consistency. O

Well-known examples of quadrature rules for which (3.14) holds are
the Gregory quadrature rules ([1]). Other examples are the quadrature ru

jenerated by the backward differentiation formulae (see section 5).

3.3. Repetition factor of the weights

In the literature, there has been some emphasis on the connection
between the stability properties of direct quadrature methods for solvin
second kind Volterra integral equations and the repetition factor of the
associated quadrature weights. LINZ [13] conjectures that methods with
repetition factor greater than one have undesirable stability properties
and NOBLE [19] states that methods with repetition factor one are stable
We will also investigate the relationship between repetition factor and
stability. It turns out, that the proper way to do this is to relate the
existence of a repetition factor as well as the stability behaviour to t
location of the zeros of the polynomiai 0.

With this in mind, the following theorem and its consequences are o

importance.

THEOREM 3.2. Let {p,0} be a convergent linear k-step method. Then the
weights of a (p,0)-reducible set of quadrature formulae have an exact

repetition factor r iff {p(g) = 0 = =0 or |C|= 1} and p is of class r.

PROOF. It is sufficient to prove (in view of the remark following defini
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that the weights in the matrix © in (2.3) given by the sequence {wn}

repetition factor r iff the polynomial p fulfils the condition of

am 3.2.
t p be of class r and let p(g) = 0 imply that ¢ = 0 or !C| = 1. Assume
at ;1,...,CS are the zeros of p'lying on the unit circle. Then wn+1 =
n n . e r .

+... = ’ s e/ g . = =
El +cS§S (n nO no+1, ) , where Cl satisfies T 1 (i 1(1)s)

= ' 1 1 = .
ol c; o(ci)/p (Ci) # 0 in view of (3.18). Therefore wn+1 wn+1+r,

at is the weights do repeat. Next we show that r is the smallest in-
. , _ s .
ger with this property. Suppose that wn+1 wn+1+j (j =2 1). Subtracting

e expressions for w and wn yields that

n+1 +1+3

n _j_ n,oJ .y =
clal(c1 1) + ... + cscs(cs 1) 0.

nce this expression must be zero for all n, and ci #0, 1 =1(1)s,

e s differing roots cl,...,gs have to satisfy gj = 1. Since p is of
ass r this implies that j =r. Hence the weights have an exact repeti-
on factor r.

the weights have an exact repetition factor r, then w =W
n+1 n+l+r

> no). Assume that p(z) = 0 has j non-zero roots Cl,...,gq_l with

. . e o o+ = _ .
ltiplicities ml, ,mq_1 (m1 mq_1 j) and one root Cq 0 with

ltiplicity mq = k-j. (Notice that j =2 1 since p(1) = 0 by virtue of

nsistency.) The general expression for W1 can be written (cf. (3.2))
a1 mv_l n-i n
) W = c. .z (), mn=z2m = k-j,
+
n+l v=1 i=0 v,1i°v i q

nce the terms corresponding to Cq = 0 in (3.2) vanish for n = mq.

om (3.19) we derive that for all n =2 m

q:! ! n-i. n+r, . r n
Cotter Pnet T w1 iZo Cy,i%v { i )Cv_(i)}'

nce this expression must vanish identically for all/n > mq' all terms

st be zero. From (3.18) we recall that c # 0; hence a necessary

\),m\)—l
ndition is that
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(

-
I

mv"l N mv_l 0 for v = 1(1)g-1, n > mq.

These equations can only be satisfied if m,,=1 and if Ci =1 (v=1011)g-1).
This means that the j non-zero roots are simple roots lying on the unit
circle and satisfy Cr = 1. Now suppose that p is of class s. Then we
obtain from the first part of this theorem (which is proved in part(a))
that the weights have repetition. factor s. Hence s = r, and thus p is

of class r. g

An immediate consequence is the following.

k-
COROLLARY: If p(zg) = ao(ak—c r) then the weights have an exact repetition

factor r.

If p does not satisfy the condition of theorem 3.2, then the weights
do not have an exact repetition factor in the sense of definition 2.3. In
theorem 3.1 we have seen, however, that the weights in each column of the
matrix W converge, if p satisfies the strong root condition. Therefore, in
such a case the weights have repetition factor one as n - ®. Likewise, the
weights have repetition factor r as n + @ if p is of class r (see remark
3.5). In particular, when the weights are computed using finite-precision
arithmetic we have the identity w =

. WL
n+r,Jj n,J
These observations suggest the following definition:

for n sufficiently large.

DEFINITION 3.2. The weights in (2.3) are said to have an asymptotic

(rowwise) repetition factor r if r is the smallest integer such that for all
g > 0 there exist n_,n, and n, independent of n such that |w W .| <€
0 1 2 n+r,J n,J

for n 2 n_ and n1 < 3j £ n-n

0 2°

The following theorem is now self-evident.

THEOREM 3.3. Let {p,0} be a convergent linear k-step method. Then the
weights of a (p,0)-reducible set of quadrature formulae have an asymptotic

repetition factor r iff the polynomial p is of class r.

The relationship between the location of the zeros of the polynomial

p and the stability behaviour of the associated quadrature method for
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1 kind Volterra integral equations is treated in section 7.

YMPTOTIC EXPRESSION AND ORDER OF THE QUADRATURE ERROR

In this section we will give an expression for the quadrature error

defined by
X
n
n
Qn[¢] 1= In—I(xn) = h‘z wn,j¢(xj) - J ¢(t)dt
j=0 %
0

the assumption that the quadrature weights are reducible to a con-
nt LMS method of order p. This expression is valid for h - 0, n > «

nh = xn—x remains fixed and is, in this sense, asymptotic.

0
Recall from §2.2 that the value In obtained with the quadrature for-
n
h 2 $(x,) is identical to the value of I, resulting from the -

3=0"n, 3"

cation of the LMS method {p,c} to the ODE (1.2) with starting values
.,Ik_1 defined by (2.2a). As a consequence, we can apply the conver-
theorems of LMS methods for ODEs. Assuming that the starting errors
-9 _, are 0(h°), we apply theorem 5.11 from HENRICI [7, p.248] yield-
L 0n%)+0(mF) as h > 0, n + o.

p and hs can be

An expression for Qn including the coefficients of h
ed along the lines indicated in [7, p.249-255], but due to the special
of the differential equation (1.2) (i.e. the right-hand side does not
d on I(x)) the derivation is less complicated in this case. Assuming
cient smoothness of ¢, the errors Qn satisfy the inhomogeneous dif-

ce equation

k
- _ p+l (pP), - p+2
Z aQ . = Cp+1h b (xn)+0(h ), as h~> 0,

Cp+1 is the error constant of the LMS method. If we split Qn into
+ Qéz), where Qél) represents the solution of (4.2) with zero start-
alues, and Qéz) represents the solution of the homogeneous version

.2) with starting values QO,...,Qk_l, then we can derive that

C
(1) _ _ _p+t1l p. (p-1) _. (1) p+1
TS h"{¢ (x )=¢ (xo)} + 0(h” 7).




L8

(2)

"or the determination of Qn we proceed as follows. For each of the start-

-ng quadrature rules considered in (2.2a) the quadrature error assumes the

orm
s, (s.-1) s . +1
0.=ah¥ I xH)+0m? ), 3=o0(1k-1.

J 3 0
, . * s (s-1) s+1 *
et s = min{s_,...,s } then Q. = d.h™ ¢ (x)+0(h ) where d, = 4,

0", k-1 j 3 0 (2) j J
if s, =sand d, = 0 if s. > s (j = 0(1)k-1). Since Q satisfies the

j j j n (2)

iomogeneous version of (4.2) with starting values QO,...,Qk_l, Qn can

>e written

(2) * s, (s-1) s+1
. = h
(4.4) Q% =an¢ - xy) +0m ),
* k * . * *
vhere d satisfies I, a, = 0 with starting values d_,...,d .
n i=0 i n-i 0 k-1
From (4.4) we see that an = 0 if ¢ is a polynomial of degree < s-2,

ind from (4.3) Qél)

= 0 if ¢ is a polynomial of degree < p-1. Therefore

the total error Qn = 0 if ¢ is a polynomial of degree < p-1 and if s = p+l.
[n this case the quadrature formulae {Sk;p,o} are of precision p-1 (see
jefinition 2.4). In order to have this convenient property we will always
tacitly assume that the starting quadrature rules are of order hp+1. This
choice has also the advantage that the starting errors do not influence

che hp—term, in the total error Qn' so that we finally arrive at

C
- _ _p+t1 p. (p-1) _, (p-1) p+i1
(4.5) o = -5 P {¢ (x_)-9 (xo)} + 0(h ),

is h > 0, n > © while nh = xn—xO fixed.

The foregoing suggests the followihg definition.

JEFINITION 4.1. (p,0)-reducible quadrature formulae are said to be

(convergent) of order p if the LMS method {p,0} is convergent of order p

and if the starting quadrature rules are of order p+l.
5. AN EXAMPLE: THE BACKWARD DIFFERENTIATION FORMULAE

We pause for a moment to give an illustration of the results derived
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» previous sections. We consider the k-step backward differentiation

‘ormulae for k = 2(1)6. The coefficients ai and bO (b1==...==bk==0)

; found in LAMBERT [12, p.242] and are reproduced in table 5.1 (here,

7e chosen the normalization aO =1).
k ck b Xck a1><ck a Xck a3 ck a4><ck aSXck a6><ck
2 3 2 -4 1
3 11 6 -18 9 -2
4 25 12 -48 36 -16 3
5 137 60 -300 300 -200 75 -12
6 147 60 -360 450 -400 225 -72 10

Table 5.1. Coefficients of the BD formulae (a0==1)

Since the coefficients bl,...,bk vanish the recurrence relations

-b) defining the sequence {wn} can be simplified to

k
z a.w =0, nz=21,w = O,...,w_

j=0 1 n-i -k+1

cit values of wn can be computed from (5.1). Since p satisfies the

g root condition, we know from theorem 3.1 that mn -+ 1 as n > »,

er, if we compute the weights usihg finite-precision arithmetic, the
ence of rounding errors may cause that we do not obtain this limit
ly. This undesirable behaviour can be avoided using the construction
in lemma 3.1 (see also remark 3.4): we have computed the sequence
from the recurrence relation 25—1 é*v = 0 for n 2 0 with starting

= i n-i
i=0 e

s =-1,...,v ,==1, where the ai—s are the coefficients of the

v
-k+1 -1
ed polynomial p*(c) = p(z)/(z-1) (see table 5.2), and finally we put

1+v .
n




k c a, Xc a, xc a*XC a*Xc a*xc
k k k 4 k

2 3 -1

3 | 11 -7 2

4 25 -23 13 -3

5 137 -163 137 -63 12

6 147  -213 237 -163 62 -10

Table 5.2. Coefficients of the reduced polynomial
(a8==1)

In order to get an impression of the rate of convergence, we give in the

following table the value n_, such that for n 2 N, Iwn—ll > 10_15 (which

0
is approximately the precision of our computer).

n 31 40 57 97 227

Only in the case that the zeros of p are known explicitly the close

form (3.2) can be used. For k = 2 these zeros are Cl = 1 and C2 = 1/3 so

that

wék=2) = 1-(1/9»™!  forn = o0,
and, in view of (2.8),

wéfiz) = 1-(1/3)"179 for ﬂ > 5 > k.

So the weights are completely determined, except for the first k colums.
As already pointed out in section 2, these columns depend upon the weigh
of the starting quadrature rules. Choosing the formulae given in Appendi
the first k columns can be computed explicitly using the recurrence

relations (2.5a-b) (or its modification indicated in lemma 3.1). Again i

the case k = 2 explicit expressions can be obtained using (3.2) and rema
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Ve obtain

1 1

= —— + —_—
LA @, 0%,5%%1,1%1,5' % 57 (1/3)

n
]
n,j p'(1) ) (/33

+
®,0%0,5"%2,1"1,5
j = 0,1,

(

*
the coefficients o. . are defined in (3.3) (note that a, ., = a .
Js1 1,1 k-1-1i

= 0(1)k-1). For these values we find o, O==—1/3, a, 4 = 1, p'(1) = 2/3

= -1, ey 4 = 1, p'(1/3) = -2/3. Using the starting formulae
14

nony

,0
W =

01" 0 and w1,O = w1,1 = 1/2 one then derives that

(k=2)
w

3, n .
= — —_ > =
.5 1 (1/3) ) for n 2 0, J 0,1.

this expression it is seen that lim wn 0 = lim wﬁ 1 = 3/4. In summary,
14 r

atrix of quadrature weights for k = 2 is

P O
1/2 1/2

2/3 2/3 2/3
13/18 13/18 8/9 2/3

N

| 3/4 3/4 1 ....8/9 2/3]

- |

For k > 2, the limiting values of the elements in each column can be

ned without explicit knowledge of the weights. Recall from (3.15) that

A k-1
lim w = - 1 z

*
. i = 0(1)k-1.
R,y T e () Lk, )

#i"k-1-1i,3"

lustrate this for the case k = 3. From table 5.1 we obtain p'(1l) =
* * *
= bO = 6/11 and from table 5.2 (ao,al,az) = (1,-7/11,2/11). Taking the

column of weights in the starting quadrature rules (cf. Appendix I)

'wl,O'WZ,O) = (0,5/12,4/12), we obtain

(k=3)
w

> >
n,0 1/8, as n .




sdkewise, we obtain for the remaining two columns

L3 g (k=3)

1 wn,2 -+ .17/24 as n > «,

Finally we treat the quadrature error of the BD formulae. We recall
:hat a k-step BD formula for the solution of ODEs has order k with error
zonstant Ck+1/0(1) = -1/(k+1) (cf. [7, p.224]). Therefore, if we employ
starting quadrature rules of order k+! (e.g. the rules given in Appendix
re derive from (4.5) the following asymptotic expression for the quadrati

2Yror

k
0 61 = B (6% V)4 1) + 0

k+1)
k+1 n

’ as h - 0.
5. APPLICATIONS

In this section we employ the quadrature formulae derived in §2.2
for the construction of methods for solving problems involving a Volterr
integral operator. We restrict our considerations to Volterra integral
aquations of the first and second kind and to integro-differential equa-

tions. In this order, these equations have the form

X
;
(6.1) J K(x,v)E(y)dy = g(x), Xy S X=X,
xO %
(6.2) f(x) = g(x) + f K, (x,y,£(y))dy, Xy S % =X,
%0
£'(x) = F(x,£(x),2(x)),£(x)) = £, x, < x <X,
(6.3)
X
z(x) = [ K _(x,y,£(y))dy.

%0
We make the assumption that the functions g,K,K* and F are continuously
differentiable to sufficiently high order with respect to each of their
arguments. Further we assume in the case of (6.1) that g(xo) = 0 and tha

K(x,x) # 0 for all x € [x,,X]. These assumptions guarantee the existence

0
of a unique solution f(x) which is continuously differentiable to suf -
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1tly high order on [xO,X].
fhe numerical methods are simple to derive: in each equation the in-
L is discretized by numerical quadrature using the weights of (p,0)-

ible quadrature formulae, that is

n

n
K, (x_»y,£(y))dy = hjgo v

\4
=

K (x ,x.,£), n
J*x n 3 3

W N

0
assulting schemes can be applied in a step-by-step fashion. The required
l---rf

ing values f are assumed to result from some adequate start-

0 k-1
rocedure (e.g. Runge-Kutta methods or low order one-step methods com-

with Richardson extrapolation). If LA #0 (i.e. bO # 0) then the

14
s are implicit and the solution of a linear or non-linear equation
aded. This can be achieved by predictor-corrector techniques or Newton-

on type iteration. The schemes are also applicable to systems of equa-

In the following paragraphs the three different classes of equations
reated separately. The numerical approximation to f(xn) is denoted by
1 the global error e is defined by e, = fn—f(xn). A method is said
convergent if e ~0as h—>0, n~> o (n= (x—xo)/h) for any x € [xo,x].
athod is convergent of order p if e, = O(hp). Conditions for the con-
nce of the methods are stated and convergence-theorems are proved. In
ion, the stability behaviour for fixed h # 0 is treated. The defini-
of absolute (block) stability to be used is the one given by BAKER

EECH [31].

First kind Volterra integral equations

Numerical methods for solving the equation (6.1) have the form

h

w .K(x ,x.)f. =g(x), n 2k.
5 n,j n’"3j" 73 n

O 7

I o~

O,...,fk_1 must be available. With respect to the

rgence of this scheme we have the following theorem.

tarting values f
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FHEOREM 6.1. In addition to the conditions for existence and uniqu
3 smooth solution f(x) of (6.1), assume that

(i) the weight (wn j) in (6.4) are the weights of (p,0)-reducibl

14
quadrature formulae of order p,
(ii) o is a simple von Neumann polynomial,

(iii) the starting errors ej (j = 0(1)k-1) are of order s.

Let ¥ = min(p,s), then

e = O(hr), as h-> 0, n> o, nh = x -x_.
n n O
PROOF. The proof of this theorem is involved and lengthy, and can

in Appendix II. 0

This theorem generalizes the theorems derived by GLADWIN [6]
[23]. The former treats methods of Adams type (p(g) = Ck-gk—l) whi
latter considers backward differentiation type methods (o(z) = bOQ
also includes the methods treated by LINZ [14].

The stability behaviour for fixed h # 0 is analyzed by applyi

to the test equation

X
(6.5) J f(y)dy = g(x), g(0) = 0,
0
with solution f£(x) = g'(x), to obtain the equations
. n
(6.6) hjzo wo JEy = g(x_).

As in the proof of theorem 6.1, we take linear combinations with t
ficients a; of successive equations in (6.6). This yields
n k k
. £, = . L) -
(6.7) h) )aw L a9t o)

j=0 i=0 - Pt ) -0

Using (2.4a-b) we arrive at

-1
(6-8) .2 Pifai Th

of

nd

YLOR

4)
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is a k-term recurrence relation for fn. This device of taking linear
\ations of successive rows in order to get a recurrence relation with
:d number of terms is easily seen to be a generalization of the dif-
:ing operation as is done in the case of quadrature methods having a
-tion factor.

"rom (6.8) it is verified that the scheme (6.4) is stable iff o(g)

» von Neumann. Since this condition is independent of the stepsize h,
lity regions cannot be defined. The largest (in modulus) zero of ¢ is
ictical importance and gives an indication of the damping properties

> scheme. If this value exceeds one then the scheme is unstable and
yent. In this connection, GLADWIN & JELTSCH [5] have shown that (in
>tation) a g-th order LMS method {p,o0} with p(z) = Ek_ck—r, b0 #0

> k > 2 generates an unstable (and thus divergent) method for solving
kind equations (cf. the Adams-Moulton formulae).

[n some cases the methods applied to (6.5) yield "local differentiation
lae" (see KEECH [9] for a definition). A necessary condition for this
cty is that ¢ = 0 is the only zero of 0. For our class of methods this
so sufficient and can be shown as follows. Let bj be the only non-zero

icient in o, 0 £ j £ k-1, then, from (6.8) we have

| 1w

a,g0x ;) = 0" (Dg' (x_)+0(h),

at fn—j = D'(1)/0(1)g'(xn_j)+0(h)'= g'(Xn_j)+0(h). Examples of such
ds are the mid-point rule (o(g) = 2z) and the BD formulae (O(C)==bock).

Second kind Volterra integral equations

For solving (6.2) the schemes have the form

n

£ = g(x )+h ‘Z wo Kxexg 0, nxk
j=0

PR

f = g(xo), f given. The following convergence theorem

0

°

1 k-1

EM 6.2. In addition to the conditions for existence and uniqueness

sufficiently smooth solution f£(x) of (6.2) assume that
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i) the weights (wn j) in (6.9) are the weights of (p,0)-reducible quadra-

r
ture formulae of order p,

ii) the starting errors ej (J = 0(1)k-1) are of order s.

et r = min(p,s+i), then

e = 0" as h>0, n~> o, nh = x -x_.
n n O
'ROOF. We check the conditions given in a general convergence theorem (see
‘AKER [1, p.836]), that is, we have to show that the weights are uniformly
ounded and that the quadrature error is of order p. This has been shown,

owever, in theorem 3.1 and section 4, respectively. g

The stability behaviour for fixed h # 0 is analyzed by applying the
cheme (6.9) to the test equation

X
6.10) f(x) = g(x)+ A [ f(y)ay, AecC,
0
‘ielding
n
6.11) fn = gn + hA jzo wn,jfj' n > k.

pplication of the same differencing technique as in §6.1 results in the
elations

k
— = >
6.12) (a;-hAb )£ . Z a;g(x ), n 22k,

0 i

I > R

i
nd therefore the scheme (6.9) is stable iff p(g) - hio(z) is a simple von
eumann polynomial. Stability regions can be defined in the usual way. We
mphasize that the stability regions are exactly the same as the stability
egions of the LMS method {p,0} for ODEs. This, of course, is not surpris-
ng and a consequence of the construction of the weights. Thus, highly
table methods for solving ODEs can be used to generate highly stable meth-
ds for solving second kind Volterra integral equation. In particular, the
se of BD methods is advocated when the kernel K* has a large Lipschitz

onstant.
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jolterra integro-differential equations

et us apply a linear E—step method {S,G} to the differential part of
and (p,0)-reducible quadrature formulae to the integral term in (6.3)
{p,0} has stepnumber k). Then we obtain a large class of methods

take the form

n
Z = nh E w jK*(XnIlefj)l

* ~
k~ = max{k,k}. The required starting values are fO = f(xo),
"fk*—l and zO = 0, zl""'zk*—l' We will denote such methods by
Sk;p,o} where Sk represents the starting quadrature rules. We have

>llowing convergence theorem.

iM 6.3. In addition to the conditions for existence and uniqueness of
>th solution f(x) of (6.3), assume that
{p,g} is a convergent linear k-step method of order ;,

the weights (wn j) in (6.13) are the weights of (p,0)-reducible

’
quadrature formulae of order p,

*
the starting errors ej (3 = 0(1)k -1) are of order s.

= min(g,p,s), then

e = 0(n", as h~> 0, n~> o, nh = x -x_.
n n O

. Apply the theorems of LINz [15]." [0

The stability analysis for fixed h # 0 is usually analyzed by apply-
ne scheme (6.13) to the test equation (see e.g. BRUNNER & LAMBERT [4])

X
) £'(x) = €f(x) + n f f(y)dy, E,n € R,
0

yields




6.15) 3

yifferencing the last equation by means of the coefficients ai yields

6.16)

‘herefore the method (6.13) is stable iff the stability polynomial defined

Yy

~ ~ 2~
p(2)lp(z) - hEo(z)] - h™no(g)o(z)
s a simple von Neumann polynomial. Stability regions can be defined (see
47) in the (h E,hzn)—plane.

Strictly speaking, equation (6.14) is a system of ODEs

fl

Ef + nz,
6.17)

£,

nd the method (6.16) can be regarded as a combination of a LMS method
S,E} and a LMS method {p,c} for solving the first and second equation in
6.17), respectively. The stability analysis of such "combined" schemes
as been treated previously. In [16] conditions for A-stability were der-
ved, and in [4] stability regions are given for some first and second
rder methods. In this paper we give the stability regions of two classes
f methods with orders ranging from 2 to 6. The methods originate from
pecial choices of the LMS methods {S,g} and {p,0}. For both classes we

ave chosen for
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the k-step backward differentiation formulae for k = 2(1)6.
s of Class I are now obtained by taking for

the (k-1)-step Adams-Moulton formulae for k = 2(1)6. With suitable
starting quadrature rules, these formulae generate the well-known

Gregory quadrature rules. The methods of Class I are denoted {BD;AM}.
s of Class II are obtained if we choose

equal to {p,0}. This choice generates the unconventional quadrature
rules discussed in section 5. The methods of Class II are denoted

{BD;BD}.

k-step BD methods and (k-1)-step AM methods are of order k, both
s are of order k in view of theorem 6.3. In appendix IV the stability
s are presented and, as can be seen, the regions corresponding to the
s of Class II are substantially larger than those of the Class I

Se
ERICAL STABILITY AND THE ASYMPTOTIC REPETITION FACTOR

n this section we investigate the connection between asymptotic
tion factor and numerical stability of methods for solving second
olterra integral equations. We start by recalling the definition of-

ability employed by NOBLE [19].

TION 7.1. A step-by-step method for solving a Volterra integral
on is said to be unstable if the error in the computed solution has

nt spurious components introduced by the numerical scheme.

Noble's analysis is asymptotic (as h - 0) in nature, it is applicable
leral second kind Volterra integral equations, that is, without any
ctions on the kernel K and the forcing function g. As a consequence
lalysis establishes results with regard to the suitability of a method
;neral use.

wurther we can adopt from BAKER & KEECH [3] the definitions of absolute

slative stability, which are related to the test equation
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X
£(x) = 1+A J £(y)dy.
0

¥ith respect to this test equation, intervals (or regions) of absolute
and relative stability can be determined. Because of its asymptotic char-
acter, however, Noble's analysis cannot be used to determine the size of
the stability interval. Yet, it yields useful information on the nature
>f the stability interval, such as the existence of an interval of rela-
tive stability in the neighbourhood of the origin.

The definition 7.1 is a little vague, since it depends upon the inter-
oretation of the term "dominant". From Noble's paper, however, we have good
avidence that there is an equivalence between relative stability and sta-
oility in the sense of definition 7.1. This we formalize in the following

Jefinition.

DEFINITION 7.2. A quadrature method for solving second kind Volterra in-

tegral equations is stable in the sense of Noble if the method has an in-

terval of relative stability of the form (-a,B) where a,B8 > O.

Adopting this definition, we then derive from theorem 3.3 and STETTER
[21, p.271-275] for our class of methods the following theorem.

THEOREM 7.1. A (p,0)-reducible quadrature method for solving second kind
Volterra integral equations is stable in the sense of Noble iff the quadra-

ture weights have an asymptotic repetition factor one.

The validity of this theorem for general quadrature methods is beyond the
scope of this paper, and is left as a conjecture.

Stability in the sense of Noble (or relative stability) can be a
severe requirement, in particular when the behaviour of the kernel or the
solution is known beforehand. For instance when A or K/3f is always nega-
tive, relative instability may be harmless. In such cases the spurious
error components decay to zero; still, they are dominant in the sense that
they decay at a smaller rate than the principal error component. The concept
of absolute stability is then more appropriate, depending of course on the

specific requirements imposed by the problem at hand.
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aving indicated the connection between asymptotic repetition factor
lative instability, we give a few examples to demonstrate that there

connection between asymptotic repetition factor and absolute stabi-

he first example is an artificially constructed method from KEECH

which is not (p,0)-reducible). The quadrature weights are

1/2 1/2
1 0 1
0 2 1/2 1/2
(Wn,j) = 1 0 2 0 1
0 2 0 2 ceen 0 2 1/2 1/2
1 0 2 0 e 2 0 2 0 1

irresponding quadrature method for second kind equations has repeti-
‘actor 2 and an interval of absolute stability (-2,0); it is relatively
yle in the left-hand neighbourhood of the origin, and therefore un-

» in the sense of Noble.

‘he second example is a method which is (p,0)-reducible. We take the

it LMS method (see LAMBERT [12, p.70]

A AP h/2(fn_1+3fn_2).

has an interval of absolute stability (-4/3,0). Starting with the

sw. . =0, =1,

0,3 Y1,0 V1,1
:s (with repetition factor 2)

= 0, our construction (2.5) yields the




0
2 0
3 1 0
1
(w y==1]2 3 1 O
n,j 2
31 3 1 0

gain the method is relatively unstable for small negative hl.

In MCKEE & BRUNNER [17] other examples can be found.
. CONCLUDING REMARKS

In this paper, we have employed linear multistep methods for solving
rdinary differential equations to construct quadrature methods for solving
unctional equations of Volterra type. Of course, other methods for solving
DEs can be used: it is well-known that the use of Runge-Kutta methods
ields quadrature methods of extended Runge-Kutta type (see e.g. BAKER [2]).
he question whether generalizations of our results are possible if we em-
loy cyclic linear multistep methods, multistep Runge-Kutta methods or other
ethods for solving ODEs is still open, and the answer to it will be the sub-
ect of further research. If such generélizations are possible, it is evident
hat we have a powerful tool for constructing and analyzing, in a unified
ay, high-order highly stable methods for solving Volterra type equations.

Further, we have introduced the concept of asymptotic repetition factor,
nd indicated its connection with the location of the zeros of the polynomial
. We have also shown the interrelationship of asymptotic repetition factor,
tability in the sense of Noble and relative stability. Moreover, we have
emonstrated by means of examples that there is no connection between abso-
ute stability and repetition factor.

Numerical experiments with methods reducible to the backward differen-
iation methods have been performed for Volterra integro-differential equa-
ions and are reported in [8]. Experiments with the same methods for the
olution of first and second kind equations will be reported in the near

uture.
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JIX I: The starting quadrature rules

jere, we summarize for k = 2(1)6 interpolatory quadrature rules for

1ing the starting values IO,...,Ik_1 for (2.1). These rules are based
1idistant abscissae Xj = x0+jh. We have determined the weights
k-
}i i_o such that each quadrature rule is of maximal precision. We have
rJe * *
L. = wsz = w. ./D., where w, ., and D, are listed below (we have omit-
L,] i,J i,j" k i,Jj k
1e weights wO 3 since these are all zero). Further, we list the order
14
the error constant Cik) defined by
X.
(k) 5w ; (), p, (p-1)
o1 =n Y wlox,) - J o(trat = c,'nfe P (&),
i =0 i,] J i
%o

g el XO'Xk—lj (this implies that a starting rule of order p is of

sion p-2). The quadrature rules listed here can also be deduced

the block methods given by ROSSER [20, p.446-447].

D w* * * * * * C(k)
k ) 5,0 Y5,1 Yi,2 Y5,3 Y5,4 M55 P j
2 1 1 1 3 1/12
12 1 5 8 -1 4 -1/24
2 4 16 4 5 1/90
24 1 9 19 -5 | 5 19/720
2 8 32 8 0 5 1/90
3 9 27 27 9 5 3/80
720 1 251 646 -264 106 -19 6 -3/160
2 232 992 192 32 -8 6 -1/90
3 243 918 648 378 =27 6 -3/160
4 224 1024 384 1024 224 7 8/945
1440 1 475 1427 -798 482 -173 27 7 863/60480
2 448 2064 224 224 -96 16 7 37/3780
3 459 1971 1026 1026 -189 27 7 29/2240
4 448 2048 768 2048 448 0 7 8/945
5 475 1875 1250 1250 1875 475 7 275/12096
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APPENDIX II: The proof of theorem 6.1

PROOF. We will prove convergence at an arbitrary point x e [

ih = x-xO and xn = x0+nh. Recall from (6.4) that fn satisfie

(1) h
J

| o~

Own,jK(xn,xj)fj = g(xn), n = k(1)M,

The exact solution of the integral equation satisfies

(2) h
3

I o~>18

K ) = +T = M
own’J (xn,xj)f(xj) g(xn) ' BT kMM,
where the truncation error Tn is given by
X

n

n
(3) T =nh Zown,jK(xn,xj)f(xj) - J K(x_,y)£(y)dy.
X

0
Subtracting (2) from (1) yields the equation for the global
e, = £,-f(x,)
J J J

(4) h
J

I o~>8

+ T = =
Own,jK(xn,xj)ej n = O n = k(1)M,

where the errors in the starting values e are, by

0" " %k-1
order h°. We will prove that IeMl = O(hp)+0(hs), as h > 0 an
Mh = x—xo, and proceed as follows:

For n > 2k and i = 0(1)k multiply the (n-i)-th equation

and take the summation over i to obtain

k nil E
(5) Y w_ . Kx_ .,x.)e.+(1/h) a,T . =
120 i =0 n-i,j n-i" 3" 3 i=0 i n-1i
We will use the following abbreviations:
p+a
' )
KPP D (g,y) = 2 K,y 5
9xF 9y
kP o Py xys KL = Kixx,).
n,Jj n j n,J n Jj

Let

scheme

tion,

© whil

) by a

=2k (1




ding Kn—i 5 in a Taylor series about x = xn yields

K . . =K ., - ihK(lfo) + i2h26 . et
n-i,Jj n,Jj n, n

, due to the smoothness of K, |6 ., .| <6 = 4max|K |
n-i,J XX

nto (5) and using the relations (2.4) for the weights,

& £ not (1,0)
) b.K e . =hy) da  )yw . K" e +
i=0 i n,n-i n-i i=0 i 4=0 n-i,j n,Jj J
k n-i
—hzzi?'a. Yw .6 . e,
iZ0 i 5=0 n-i,j n-i,j J
k
- (1/h) [ a,T ., 0= 2k(1)M.
i=0
ding Kn _. in a Taylor series about y = xn yields
Kn,n—i - Kn,n - thn,n—i'
< =
|Xn,n—1| < x maxIKy!.

itution of (8) into (7), and division by Kn n gives us
14

(1) n-k-1

dn -i i *h z
j=1 /BTt D 3=0

-1

n
~n? 7a®% - 1F, n=o2xkm,
3=0 n,jJj n

a?e.
n,jJ

Il 1R
o
0]
f=p
I o~

i

we have introduced the abbreviations:

(1) . (2)
= +
) dn,n-—i lbixn,n—i/Kn,n dn,n—i'
k
) a? 2 Viaw . KEOx
n,J . in-i,j n,j n,n
i=1
k
) d(3). = )Y i%aw . .6 . . '
n,Jj . in-i,j n-i,J n,n
i=1
% k
) Tn - z aiTn—i/(hKn,n)'
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K(l 0)

Since w ., P
n,Jj anJ’ n,j

|2K = min

are uniformly bounded and

xel[x IK(x x)| # 0, we readily see that the expressions

defined in (10.a-c) are uniformly bounded.

0
is the first non-zero coefficient, then equation (9) actually defines the

Without loss of generality we assume that b0 # 0. (If b, = 0 and bj

earror equation for en—j' In such a case the proof of this theorem requires
no essential modifications.) As in HENRICI [7, p.242] we define the coef-

ficients Yn (n =2 0) as the solution of the difference equation

k

(11) Z bY .=O, nZl,y =,_.=‘Y—1=0’ 'YO=1/b

120 i n-i -k+1 0

Since, by assumption, Z b, C * is a simple von Neumann polynomial, the
i=0
coefficients |Yn| are unlformly bounded.
Next we take a fixed N (2k < N £ M), multiply (9) by YN-n for each

n = 2k(1)N and sum over n. For the left-hand side of (7) we then obtain

k k
z Yoo 2 b.e . =
n=2k NP i in-i
Nil 1§ 2k-1 k .
(12) e+ ( by, e + ) (] by e =
N n=2k i=0 i N-n-i" n n=k i=0 i N-n-i" n
2k-1 ]f .
e + ) Y. . .)e.s
j=k i=o N7ITE 3

*
by virtue of (11), and where Yn is defined

Y if n < N-2k,
0 if n > N-2k.

For the right-hand side of (9) the following 4 terms appear

N ]Z{ (1) Zkzl ]i (1)
(13) h ) v 4 iy =B L (L dAg svyogogdey
n=2k N-n 1=1 n,n-i n-i j=k i=1 j j j- J
N-1 k
+ h z ( z d(l) Ye.i

jom o1 33 N-3-10%




N n-k-1 (2) k-1 N (2)
= +
h 2 YN—n .z dn,jej h .Z ( 2 dn,jYN—n)ej
n=2k 3=0 j=0 n=2k
N-k-1 N
2
+h ) () dr(1 ).YN_n)e.;
j=k n=j+k+1 77 )
N n-1 2k-1 N
2 3 2 3
n ] v, 1 a ge. =0 § ] ally e
n=2k j=0 "33 j=0 n=2k "3 J
N-1 N
3
) é )YN_n)ej,
j=2k n=j+1 7
inally
N
R
n=2k N-n n

‘he second term in the last expression of (12) is bounded by
-1

he term (13) is bounded by hA

*
Iejl, since bi and Y, are uniformly bounded.

ZI\-I— 1)
J:

3 and Yn are

2

1 , (
X lejl, since dn

4

‘mly bounded.
(3)

3 n, 3 and Yn are

mly bounded and Nh < X—xo. (Note that the constants Ai are indeper
»f N.)

N-
"he term (15) is bounded by hA Zj=é Iejl, since 4

‘he task of finding uniform bounds for the terms (14) and (16) appe
more involved and requires careful attention to details. We have

:ed certain subproblems which appear as lemmas in Appendix III.

‘onsider the first term of the right-hand side of (14); for each
'1)k-1 we have to show that

N
(2)
| nggkdn’jYN_nl

(2)
n,Jj
: sum of terms. Therefore, it is sufficient to prove that for each

1Dk

inded uniformly in N. Recall from (10.b) that d is defined as a

N
| 1 v.w K(l'O)/Kg |

n=2k N-n n-i,j n,j n




g(1:0)

s bounded uniformly in N. Since, by assumption, (x,xj)/K(x,x) is
ontinuously differentiable, it follows from application of Lemma 3.b, that

t is sufficient to prove that for each j = 0(1)k-1 and each i = 1(1)k

N
17) { 2 Y

w
N-n n-1i,Jj
“m '3

.s uniformly bounded for all m and N (2k £ m £ N). If we define 6n =W 5
o

. . . s k . s
‘or fixed i and j, then § satisfies I, a.§ , = 0. Moreover y satisfies
n i=0 i n-i n
'11), and, hence, application of Lemma 2.b establishes the uniform bounded-
iess of (17).
Next we consider the second term of the right-hand side of (14).
3imilar reasoning as above (using Lemma 3.b), yields that we have to prove

chat for each j = k(1)N-k-1

N
I
N-n n-

nem n n-i,j
ts uniformly bounded in m and N, (j+k+1 < m < N). Moreover, we have to
show that this uniform bound is independent of j, since j runs through a
set the upperbound of which depends upon N. This we prove as follows.

For j = k, one proves, as we did for (17), that there exists a

ronstant Dk independent of m and N such that

N
<D, (2k+1 < m < N).

l z YN—nwn-i,k k
n=m

(18)

for j > k, one has to find a uniform upperbound for

N

Ian* YN_an_i,j l !

* *
independent of m and N (j+k+1 < m < N), and independent of j. Recall

from (2.8) thatw ., . =w_ . . . Therefore,
n-i,j n-i-j+k,k
*
N N

(19) |} * YN_mWn_i,jl | 2 YN*-n"n-i, k'’

=m n=m

* *
where N = N-j+k and 2k+1 < m < N . The last expression in (19) , however,

is bounded by Dk by virtue of the result (18).




ZN—k—l | |
a “5=0 'S5
Finally, we investigate the term (16). If we define Y(x,y) :=

. we have shown that (14) is bounded by hA

the truncation error Tn—i defined in (3) is given by the qua
in the approximation of the integral of the function l,b(xn_i

nterval [x ,x .] (see (4.1)); that is
0" n-1i

oot = QaoglV gt

iing the function w(xn_i,y) in a Taylor series about x = x_ 1

ition error can be split into

_ R (1,0
T =9 ;v ] - ing LY (

x_,*)]
n

(2,0)

L;%n? .
+ %ih Qn_i[w € .1, g e lx _.ox 1

k
ne form I, a. T . and obtain the following terms:
i=0 i n-1i

. _ p+l, (0,p) p+2
a;0 L Db(x )1 =-C ,h" " (x_,x ) + On

0

Il 1

+1
i p

rtue of (4.2);

k
ho ] iaQ

(1,0) _
[w (Xn")] -
i=0

i

k

T (1,p-1)
izolaicp+1/0(1)h

p+1 (1,p-1)

{y (x_rx__;) =

(xn,x

p+l, (1,p-1) _ . (1,p-1) p
- Cp+1h {v (xn,xn)' Y (x_ x5} + 0(h

rtue of (4.5), and

k
27320 ¥ %¢ ,91=0m
i=0 ne

1 n-1i

Lh pt2,

*
, Tn defined by (10.d) has the form

* —_ - p (Olp) _ (1,P"1)
T = (1/Kn’n)h Cp+1{¢ (xn,xn) ) (xn,xn) +

.

(1IP_1) P+1
" (xn,xo)} + 0™ )




lote that we have to prove that (16) is uniformly bounded. It is easily
seen that the terms of 0(hp+1) in (20) yield, due to the boundedness of

. +1 .
(, a term of 0P) in (16). Omitting, therefore, the 0mP ) -terms in
n

)

20) and observing that the functions w(O,p (x,x)/K(x,x),

v(l'P_l)(x,x)/K(x,x) and w(l'p—l)(x,xo)/K(x,x) are continuously differenti-

ble on [xO,X], application of Lemma 3.a yields that the expression (16) is

miformly bounded if DAY
| n=m N-n l

2k < m < N). This, however, follows directly from Lemma 2.a. Hence, we

is uniformly bounded for all m and N,
lave shown that
I § | < a_nP
neok YN-n'n! = %57 -
‘iecing the bits together, we have shown that
2k-1 N-1

Y le.l +ha_ ) le.l, N =2k(1)N,
j=0 3 7=k 3

p
<
leN! < ASh + A6

there A5,A6 and A7 are independent of h and N (and thus independent of M).

he solution of this recursive inequality is well-known to be (see e.g.

IENRICI [7, p.2441, BAKER [1, p.925])

2k-1
) lejl} exp (A, (x-%,)), x-x, = Mn,

'21) le | < {anf +a
5 . 0
j=0

M 6

"he errors e _, are O(hs). The error ek is defined in (4) and is

07" et
readily seen to be O(hs)-+0(h—1Tk). From (4.5) we derive that

H
I

p
—Cp+1/0(1)h {v

p+l (1,p)

p+l
—Cp+1/o(1)kh ¥ (x /E) + 0ms )

p+1

O™ "),

ind, therefore e, = O(hs)+0(hp). Similarly one shows that the errors

2 pq’ " 1€y BFe O(hs)+0(hp), and together with (21) this establishes
that IeMI = O(hs)+0(hp). This completes the proof. O
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DIX III: Lemmas

In the following lemmas € denotes the set of complex numbers, and Z{F
et of non-negative integers; p(z) and o(z) are the polynomials (with
coefficients) Zaick_i and Zbick_i, respectively.

In the proof of theorem 6.1 the lemmas 2.a,2.b,3.a and 3.b are used;

roof of these lemmas uses the lemmas l.a and 1l.b.

l.a: Let cn = nagn, where ¢ € € and o € ka. If 1@] <1, t # 1 and

is uniformly bounded for all m and

N
whenever !c[ = 1, then lngm cN—nI

< N).

. It is elementary to prove that, under the conditions stated above,
a_N
neg l is uniformly bounded for all N. The statement of the lemma

N N-
ws from the observation that X c = 2 o c . g
n=m N-n n=0 n

k
. 2.a: Let Y satisfy the difference equation 1 biYn—i = 0. If o(g) is

ple von Neumann polynomial with o(l) # 0, then Zﬁ_ Y

[ is uniform-
m N-n

unded for all m and N (m < N).

. . o4
Yn can be written as a finite sum of terms of the form n Cn, where
a zero of 0 and o is related to the multiplicity of that zero. Apply-

emma l.a to each term completes the proof. 0

we give a "two-dimensional" analogue of the lemmas l.a and 2.a.

+
. 1.b: Let cn = nagn and dn = nsgn, where 7,§{ ¢ € and o,B € Z . If
i1, lgl <1, t # £, o = 0 whenever |C| = 1 and B = 0 whenever |E| =1,
N
| © c_ _d | is uniformly bounded for all m and N (m < N).
n=m N-n n

. We consider only the case that |C| < |£|. (The case ICI > Igl is

:ed along similar lines.) Defining w = /& we may write

N N

z cN—ndn = EN 2 (N—n)aanN-n.

n=m n=m

that |w] £ 1 and w # 1 since 7 # &. Next we distinguish between the
; {El = 1 and |£| < 1.
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(1) IEI = 1. In this case B = 0 and thus
3 S o N-n
| Y ey a0 =11 o-m)w 7,
n=m . n=m

which is uniformly bounded in view of Lemma 1l.a.

(ii) lEl < 1. In this case we write

N N
N_o+B N-n,a n, 8 N-n
| Y e d = lev L &G @
n=m n=m
< |£NNO(.+B+1 l ,
which is readily seen to be uniformly bounded. 0

LEMMA 2.b: Let Y, and Gn satisfy the difference equation Z?_
and Z§=O aian—i = 0, respectively. If the polynomials p and

common factor and are simple von Neumann, then Ly S |
n=m N-n n

bounded for all m and N (m £ N).

PROOF'. Yn can be written as a linear combination of terms of

n
cn = nacn. Likewise, 6n has components of the form dn = nBE

product YN—nan has terms of the form c ndn' Applying Lemma

N-

N
of the terms lZ c d | completes the proof. 0
n=m N-n n

We also need the following lemmas.

LEMMA 3.a: Let the function ¢ be continuously differentiable

tx = x+ < x- ®

le X = X, ng and Nh < X Xq and let {Yn}n=0 be a sequence o

bers. Then | I Y ¢ (x )‘ is uniformly bounded for all N i
n=n N-n n

is uniformly bounded for all m and N (nO <m £ N).

— N [ 3 =
PROOF. Let FN—n "_Zj=n YN—j' FO := YO' F—l := 0. Then
N N
Z YN—n¢(xn) - 2 (FN—n_PN—n—1)¢(xn)
n=n, n=n,

N
=T o(x_ ) + ) Faop (0 =00 1))
0 n=no+1 :

formly

orm
e, the

- each

IX];
lex nu

Yv-n|




=T o (x

fore

N

|1 vyt
n=ng

T* is the uniform bound

The "two-dimensional” an

3.b: In addition to Lem
N

rs. Then ngn YN_n6n¢(xn

iformly boundéd for all :

Similar to the proof o

N
L Ty he'(E),
no+1

|¢I + (X—xo)max|¢'

N
n=m YN—nI' [

of lemma 3.a read

, let {§ 1  be a
n n=0
uniformly bounded

N (nO <m < N).

a 3.a. g

45

ex

¢
N-n n




PPENDIX IV: Stability regions

We present here the stability regions in the (hg,hzn)—plane of the
BD;AM} and the {BD;BD} methods. The shaded areas indicate stability. Since
he integral equation itself is stable only in the third quadrant, we have
onfined ourselves to this quadrant (and a small strip in the fourth quad-
‘ant). The regions are displayed for k = 3,4,5 and 6 (for k = 2 the stabil-
ty region contains the whole third quadrant). These regions can also be

‘ound in [8].




{BD; AM} h'n {BD;BD}

2.4 : he

OO KOO XK E R KRR L OO OOy [ 4 ERTARKU XXX KOO RN ANAAIRERE |
R Cd et AT T T e 1
LKA X

B P e P R e
B o PP P R PO T
e e LT E L r Lo k =3

units:

i X

5 x H

>0 0 3 b lxux1lulx1lxulluunluunnxuuuuuu

. R P e e

B e e

e e e e T
H HHE

+ 1.2

ulxuxlluxxllxllxxlxlll|xxxxlxunnuulnnnunullul.uunm T

e
e P T
DA A AT ATt H
o H

AEANKTCLLXREECO AR EX AT KR KR T KARRAAAT HR e e
P P :
H P H
rrreer i
XXX it H
R e R e H
(XXaxx) uuux T H
e _ rrrrr i
SO o = P R P P H
et i
X i
. p H

u...m..‘..u.u..x..m........m.....m.....,.. unlits:

- 0.03

i
prereir e

_60 B e T R

-7.5

e TP E T T T T v B T e
P R O S i pR
' XXX KL XA K

B e PP R TP
AT EXXrR Y XXX CTOXRE XK XXX X TR

Cer TR ALK KK

b
xx
- — XA
AT CHKPA K KB ALER KT KK EMIXRR AT P TR
ECEAKCCOX XXX KIRRTEREA KT O XKL — =5 PP
1) —_— RO XKL ERE AR
iex — AT TR
TR T

. CO O XK AT XA
. TR XXX TR
units: XXX TR
. XU AKX
ORI XK R TR

2 e
CCRXCO XXX XA
XKLL LT RR XA

h'n = 79 hg - %5 + 0.075 ammmmmmmmmmmﬁﬂn

T TR

XXX KKK TR AR KA KEX KA XA FEAE)
uuuuuuulxuuuxullululxluuuuuuunuun

T O e

* 2 o xlunxuulxulxnulxuullxlnnlllluunuunnlu xexaonn
B T
T e

T

CEKXTXE LXK AL KA (LXK T KT XY X E X XXX TR xxexaaaE .
B e T T

exennec
B P P PR R e axxx

-100

0

T T L T T e L P e T

L A xR Ea
AL XTE XKLL R XL KTLIED)

REXURLNCR AKX ARRAXE

AT

ARAEAARIXRRXY

frroed

FrHeH
axsex
axx

XA R AT KX xlunuuxuunx

XU ALCERLCCT X R AR AT

B T
AXKEO XK ERE DTN EE

units:
- 0.125
+ 6.4

P e T e e nmumm
e e T T e
e oo

P e e
e A T e e
-320 B e e e e







